
 

Lectured

In this lecture we'll prove the FirstIsomorphismTheorem which has many importantconsequencesBefore stating the theorem let's see

why intuitively it should be true

Proposition 1 Properties of kernel
et g G G be a homomorphism and Kesey be

its kernel Then

D Ker y el G

2 gca y Cb 0 0 aKoolg bPercy

3 if 81g g then g g seeGlycx g

g kerb
4 If IKeryl n then g is an n to I mapping

from G G



5 If g is onto them g is an isomorphism

Rescg e

Proof 1 we have already proved this
2 This is saying that two elements in G

have same image in G the coset akesy
and b Rory are the same

Suppose akery b kerf Then

a by where g C kerf Then Sca DCbg

f b Dfg b e as g c Resp
So g a g b

Suppose yea b We want to show that

akerg brerg from Lec 9 we know that

Akerb bKerry 0 0 b a C kerf
Now 9 b a Pcb 1 gca 6lb gla e e

e



So b a C kerf Thus AkioD b kerb

3 This is saying that g 0192 5 then the

inverse image of g is the coset glass
We'll prove g g E gkerg and

GKorg E g g

If see g g gcse g 9cg
So from 2 rockery g kerb P see g kerb

g g e g kerb

Now let gbegkerg for be busy Then

9 gb DCgs Dcb 6cg e 8cg

Gb E g g So gkery E g g Hence

the statement o

4 This is saying g Iresist _n then exactly



n elements in G have the same image in G o

Recall from Lec 9 that for any coset gkerg
IgKergI I resist n

So 4 follows

5 Suppose 8 is onto 6 is already a

homomorphism So we need to prove that g is

one to one 8 0 Rescg e

But this follows from 43

So from the above proposition we observe that

Rory is sort of preventing or hindering

y to be an isomorphism So it seems that

if we somehow collapse all the elements of
Rory then 8 might be an isomorphism



But collapsing really means taking quotient
by Rory So ej we can take quotient by kerb
and somehow get a group then the result might
be isomorphic to G

But Rerly H G so G is indeed a group
Rerg

theorem First Isomorphism Theorem

Lef g G G be an onto homomorphism

Then G
Bercy

I G

Proof Let us define T G G bykerf

1 g kerg 9cg

Let's remember the second principle



Whenever you define a map from a quotient

group to another group alway check that it is
well defined

why Because elements in a quotientgroup
are assets and we have seen that a f b in

G can still give a kerb b Kerry So we want

to make sure that ej two elements are some

in Gpgg then their image under 1 are also

Same

Tiswell defined

let a kerb b kerf Then from 2 in

Prop I we know that Dca Dcb i e

1 a Korg T bkery

Tisone toone



Let TCakery Tcb Korg Then

g a 9lb p from 2 Poop I

9Kerry b kerf

Tisonte
Since 9 is onto for g c G I g e G s t

91g _g So 1 glary 8cg g

Tisahomomorphism
Let akerb bRory E

kerb

Then 1 fakery bResy 1 abbess
Glab Pla D b

T Cakesg TCbkery

Theis T is an isomorphism and hence



G G
kerf

TD

Remarry If g G s G is not onto then the

above theorem becomes G I DCG

kerf

Corollary If 8 G G is a homomorphism

where 1916 Kiko then 191631 151 and 191631 16.1

Proof Note that gCa E G from Lagrange

es theorem 191631 1G't

Also from the Remark above

G DCG 1Gt 181631

Korg Ikerd

191611 161
Do



examples

EDConsider 8 Z Zn given by
y a a mod n a C21

Then 4 is onto and Rescy Ln

So I In
57

theorem let G be a group and 2CG be the center

of G Then G Inn G
Ica

Proof We'll use the first Isomorphism theorem

Define T G Inn G by
1 g 9g the inner automorphism induced

by g
Clearly T is onto Let's find Rest

Let A E Ker T i e 1 a I where I is



the identity automorphism of G Also by
definition Tca Da So for ge G

GaCg aga g

ag ga a E 2CG

So keelT E ZCG

We've already seen that for g c ZIG Yg
the inner automorphism induced by g is I

So 2 G E Kent

Thus Z G KerCT

So by the first isomorphism theorem
G Inn G
ZCG

We'll end this lecture by proving that every
normal subgroup of a group is actually a kernel of
some isomorphism



Theisen Normal subgroups are kernels

Let NIG Then N is the kernel of some
homomorphism of G More precisely the map

go G G 61g gN has kernel N
N

Proof Since NAG is a group

Consider y G by 6cg _gN

Dis onto Also y gh ghN gNhN 01g 9Ch

so y is a homomorphism Let h E Rer 8 i e

gth N 0 0 hN N 0 0 he N So

Kerly E N and clearly N E Kesey

So kerly D

Da

Rennard The map 0 G GIN by



ycg3 gN is called the natural homomorphism

from G to GIN

o x x o


